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We here show some useful formulae.

DIFFERENTIAL OPERATORS ON CURVILINEAR COORDINATES

New, consider an orthogonal curvilinear coordinate described as
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Then, we have
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In general curvilinear coordinate systems, the Laplace operator reads
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√
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where xa → ξν , a, ν = 1, 2, ...,D, xa and ξν denote the Euclidean and a general curvilinear coordinates, respectively,
and
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∂ξν

∂xa
, gµν =
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∂xa
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g = det(gµν), dxa =
∂xa

∂ξµ
dξµ, ds2 = dxadxa = gµνdξµdξν . (5)

GAUSS-LEGENDRE MULTIPLICATION FORMULA

The gamma function Γ(z) satisfies the Gauss-Legendre multiplication formula:

Γ(nz) =
nnz−1/2

(2π)(n−1)/2

n−1
∏

k=0

Γ(z + k/n). (6)

BESSEL FUNCTIONS

Several types of equations can be reduced to the Bessel equations. The solution of the equation

x2y′′ + (1 − 2a)xy′ +
[

(bcxc)2 + a2 − α2c2
]

y = 0 (7)

is given by y = xaJα(bxc). As a corollary, y = eaxJα(becx) is the solution of

y′′ − 2ay′ +
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Now, consider y = Jα(f(x)). Then, y satisfies (′ = d
dx )
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By substituting f(x) = becx, we find that y = Jα(becx) is the solution of the equation

y′′ + c2
[

b2e2cx − α2
]

y = 0. (10)

Also, y = g(x)Jα(bx) satisfies
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By setting g(x) = eax, we see that y = eaxJα(bx) is the solution of the equation

x2y′′ +
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)
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)

x2 − ax − α2
]

y = 0. (12)

One can also show that y = [h(x)]
β

Jα(h(x)) satisfies
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Solve the following equations:

xy′′ + y′ + y = 0, xy′′ − y′ + xy = 0, y′′ + xy = 0, y′′ + e2xy = 0,

xy′′ + (x + 1)y′ + (x + 1/2)y = 0, y′′ + tan xy′ + cos2 xy = 0, y′′ + λ2xp−2y = 0. (14)

The solution of the following equation

d2ny

dx2n
= (−1)nλ2nx−ny. (15)

is given by y = xn/2Jn(2λx1/2).
Asymptotic expansion for large order is given by

Jν(z) ∼ 1√
2πν

( ez
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)ν

, ν → ∞. (16)

Let us consider integral of triple products of Bessel functions. Let A = s(s− a)(s− b)(s− c) and s = (a + b + c)/2.
If Reν > −1/2, then we have

∫ ∞
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Consider the Taylor’s expansion of (z + h)−ν/2Jν(
√

z + h) with respect to h:
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Similarly, when |h| < |z|, we have the expansion
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Setting ν = −1/2 and ν = 1/2 and making some variable replacements in the above equations, we obtain
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The latter is valid as long as 2 |t| < |z|. Also, with the substitution z → z2 and h → kz2, we have
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By putting
√

1 + k = λ, we have

Jν(λz) = λν
∞
∑
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m!
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This is called the multiplicaton theorem.
Now, define the functions On(t), n = 0, 1, ... as

O0(t) =
1

t
, O1(t) = −O′

0(t), On+1(t) = On−1(t) − 2O′
n(t). (23)

For Ret > 0, On(t) can be expressed as

On(t) =
1
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{(
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+
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du. (24)

The generating function is given by (check this by calculating the r.h.s directly or showing that the r.h.s is solely a
function of t − z)

1

t − z
= J0(z)O0(t) + 2

∞
∑

n=1

Jn(z)On(t). (25)

If f(z) is holomorphic in |z| < R, then we have the expansion

f(z) = c0J0(z) + 2
∞
∑

n=1

cnJn(z), cn =
1

2πi

∫

|t|=R

f(t)On(t)dt. (26)

In particular, we have

2πiJm(z) = J0(z)

∫

|t|=R

Jm(t)O0(t)dt + 2

∞
∑

n=1

Jn(z)

∫

|t|=R

Jm(t)On(t)dt. (27)

BLOCK MATRICES

A block matrix can be decomposed as

(

A B
C D

)

=

(

A − BD−1C B
0 D

) (

1 0
D−1C 1

)

. (28)

Thus, we have

det

(

A B
C D

)

= det(AD − BD−1CD). (29)

Inverse of a block matrix can be written as

(

A B
C D

)−1

=

(

(A − BD−1C)−1 −(A − BD−1C)−1BD−1

−D−1C(A − BD−1C)−1 (D − CA−1B)−1

)

. (30)

In particular, we have

(

A B
0 D

)−1

=

(
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0 D−1

)

. (31)


